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Introduction
The stabilization of premixed flames has received much attention in the literature, due to the role it plays in many engineering applications. The earliest studies of stabilized flames anchored on a central bluff-body, or inverted flames, can be traced back to Lewis and von Elbe [1, 2] . Such flames resembles the stabilization phenomenon on multiple-slit burners and perforated plates common in industrial and compact household burners.
There have been a number of papers investigating theoretically, experimentally and numerically different stabilization and blow-off mechanisms. Among which one can mention the discussions about the stretch effect [2] [3] [4] , the flame area increase due to the strong positive curvature at the base flame [5, 6] , the heat exchange between the flame and the flame-holder [8, 7] and the hydrodynamic straining of the flame base [9, 10] . Detailed numerical simulations of a methane-air flame stabilized on a perforated plane have been performed recently in [11, 12] . Influence of a string stretched along the flow on the stabilization conditions of an inverted propane-air flame was investigated experimentally in [13] . All these studies showed that the stabilization phenomenon comprises a complex nature where a number of physical effects play a role. The latest comprehensive review of the different flame stabilization/ blow-off mechanisms can be found in the introductory part of [12] .
In the recent article [14] , the experimental study of inverted premixed methane-air and hydrogen-methane-air flames stabilized behind the trailing edge of a cylindrical rod positioned along the symmetry axis of the circular channel has been reported. For mixtures with high hydrogen content, anomalous stabilization and blow-off behavior has been observed. Flames in those mixtures could be stabilized at equivalence ratios below the lean flammability limit for a zerostretch planar flame. Stabilization of such flames was possible only when the mixture velocity exceeded some critical value.
Motivated by the above-mentioned results, the main purpose of the present paper is to elucidate the influence of the differential diffusion effect on flame stabilization. With this aim in view, a constant density approximation is used in order to eliminate the flame-fluid interactions. The problem of the flame attachment is considered for a semi-infinite rod placed coaxially in an infinite circular channel in order to eliminate the external gas entrainment. The steady axisymmetric flames are studied first. A global stability analysis aiming to test the stability properties of the axisymmetric solutions is carried out thereafter. It is followed by the results of the time-dependent dynamics where oscillatory symmetric flames and non-axisymmetric steady flames were obtained. Results of the stability analysis are compared with those of the direct numerical simulations.
General formulation
Consider an infinite circular channel with a semi-infinite cylindrical rod positioned along the symmetry axis. The radii of the channel and the rod are R and R 1 ¼ aR, respectively, where a < 1. A combustible mixture of fuel and oxidizer at initial temperature T 0 flows inside the channel with mass flow rate M. The thermal conductivity of the channel's wall and the rod is taken to be sufficiently high so as to maintain their temperatures constant and equal of the upstream temperature of the mixture T 0 . The sketch of the problem and the coordinate system are shown in Fig. 1 , where x ¼ 0 lies at the headsurface of the rod.
One might imagine conditions, known in the literature as a flashback effect, when a premixed flame propagates upstream in the slot between the rod and the channel's wall. In the opposite situation the flame can be swept away downstream by the flow. In the present work we consider a range of parameters for which a premixed flame is stabilized behind the trailing end of the cylindrical rod. The resulting axisymmetric and non-axisymmetric flames constitute the subject of this paper.
In this study we consider a diffusive-thermal model, formally assuming that the density of the mixture q, the thermal diffusivity D T , the individual molecular diffusivity of fuel D, the heat capacity c p , and the kinematic viscosity m are all constant. Consequently, the flow field is not affected by the combustion field and is determined a priori by solving the steady Navier-Stokes equations. If the characteristic length and speed are chosen as R and U c ¼ M=pqR 2 and the pressure is made dimensionless with respect to the dynamic pressure qU 2 c , the velocity field v is determined from
where Re ¼ U c R=m is the Reynolds number. It is necessary to stress that, in contrast to the combustion field, the flow field always remains axisymmetric (@=@u 0), v ¼ ðu; vÞ, where u and v denote the axial and radial velocity components, respectively. Equation (1) the molecular weights of the fuel and oxidizer, respectively, q is the density of the mixture, E is the overall activation energy, R is the universal gas constant. Assuming that the mixture is lean in fuel, the oxidizer mass fraction remains nearly constant and X ¼ Bq 2 Y F expðÀE=RT Þ, where B is a pre-exponential factor containing Y O and the molecular weights. Subindex "F " will not be applied below.
For the sake of a non-dimensional description, it is worth to present the reaction rate in the form
where the factor U L is the asymptotic value of the planar flame speed calculated in the high activation energy limit b ) 1, namely
The temperature T e ¼ T 0 þ QY 0 =c p represents the adiabatic temperature of the planar flame based on the unburned gas temperature T 0 , the heat released per unit mass of fuel Q, and the upstream fuel mass fraction 
2 is the three-dimensional Laplace operator. The reaction rate x takes the form
The following non-dimensional parameters appear in the above equations: the Zel'dovich number, b ¼ EðT e À T 0 Þ=RT 2 e , the Lewis number, Le ¼ D T =D, the heat release parameter, c ¼ ðT e À T 0 Þ=T e , the Prandtl number, Pr ¼ m=D T , the Reynolds number Re ¼ M=pqmR, and the reduced Damköhler number,
T . In the calculations reported below, b ¼ 10; c ¼ 0:7 and Pr ¼ 0:72 were assigned. In what follows, these values will be kept fixed considering them as representative for combustion processes.
Equations (3) and (4) are to be solved subject to the following boundary conditions. The function h and Y are 2p-periodic functions of u. The solid surfaces are assumed to be impermeable and held at a constant temperature:
where @=@n denotes a normal-surface derivative.
Far upstream and far downstream we require
The numerical simulations reported below showed that the influence of the downstream boundary conditions becomes negligible if the size of the computational domain is sufficiently large. For the axisymmetric calculations, the standard symmetry conditions are required
while for three dimension calculations the lack of singularity is required for the temperature and mass fraction fields at the axis. 
Numerical treatment
Steady as well as time-dependent computations were carried out in a finite domain, x min 6 x 6 x max .
The typical values were x min ¼ À0:5 and x max ¼ 3:5, but they were varied to ensure the independence of the results. The spatial derivatives were discretized with second-order, threepoint central finite differences on a rectangular uniform grid. The calculations based on the two-dimensional form of the governing equations (imposing @=@u ¼ 0) were carried out using a typical resolution of dx ¼ dr ' 0:01. The number of grid points was doubled in some cases to test the grid independence. When the three dimensions were taken into account, the same accuracy could not be obtained because of computational constraints. Therefore, three-dimensional calculations were made with coarser grids than in the twodimensional cases, typically using dx ¼ dr ' 0:02 and du ' 2p=50. These values were also varied in some cases with no significant influence on the results.
The steady two-dimensional axisymmetric Navier-Stokes Eqs. (1) 
In order to determine steady (but not necessarily stable) solutions, the steady counterpart (@=@t ¼ 0) of Eqs. (3) and (4) were solved using a Gauss-Seidel method with over-relaxation for two-and three-dimensional cases. For the timedependent calculations, an explicit marching method was used with first-order discretization in time. A sufficiently small time step dt $ 10 À4 or less, dictated by the presence of the highly non-linear chemical reaction term (5), was typically chosen to ensure numerical stability. No significant differences were found in the results when dt was halved.
Axisymmetric steady-state flames
Consider first the steady axisymmetric counterpart (@=@t ¼ @=@u ¼ 0) of Eqs. (3), (4) . The numerical calculations of the corresponding twodimensional equations showed existence of two kinds of solutions with qualitatively different temperature and reaction rate distributions. The first kind of solutions comprises the inverted flames widely investigated experimentally and numerically in the past. Such a flame, exemplified in Fig. 1 , consists of the edge situated immediately behind the rod and the cone-like flame extending downstream. When d is sufficiently large, the cone angle remains notable and the flame approaches to the channel wall, as shown in Fig. 1 . With decreasing values of d (for a fixed value of Re) the flame cone shrinks being transformed into a cylindrical flame tail surrounding the axis, as shown in Fig. 2 . It should be noted that flames with a cylindrical tail also belong among the inverted flame family because they can be obtained from them by gradual reduction of d. Hence we will refer to these flames as the "inverted" flames.
The other kind of flames found numerically is shown in Fig. 3 In order to characterize a flame quantitatively, the dimensionless total heat flux into the rod is introduced in the form
This quantity computed for flames with Le ¼ 0:5 is plotted in Fig. 4 
Stability analysis
Global stability analysis of the axisymmetric steady-states presented in the previous section is described below. Two-dimensional distributions of the steady-state temperature and mass fraction, all now denoted by subindex "0", are perturbed as usual with small perturbations where ( 1 is the perturbation amplitude, k is a complex number, n ¼ 0; 1; 2 . . . is the azimuthal wave number where the mode with n ¼ 0 represents axisymmetric perturbation. The real part of k gives the growth rate. The linearized eigenvalue problem obtaining when substituting Eq. (11) into Eqs. (3), (4) takes the form
The functions A and B appearing in Eqs. (12) are all functions of x and r determined by the steady-state solution
The appropriate boundary conditions are
at the solid surfaces and
far upstream and downstream. It can be shown that at the axis of the channel the following condition should be imposed
The eigenvalue problem given by Eqs. (12)- (15) is not amenable to the analytical analysis and, therefore, numerical calculations are required. The numerical method described in [15] was applied to calculate the eigenvalue with a greatest real part, or the main eigenvalue. This eigenvalue determines completely if a given steady-state is stable or not. If the real part of this eigenvalue is positive, k R > 0, then the steady-state is unstable, and, conversely, if its real part is non positive, k R 6 0, the steady-state is linearly stable.
Consider first the stability of vortex flames shown by dashed response curves in Fig. 5 . The growth rate k R is shown in Fig. 7 as a Fig. 7 having k I -0 for sufficiently large Re and becoming completely real near the extinction point. It is important that for the axisymmetric mode n ¼ 0 the real part remains negative and the n ¼ 0 mode is stable. The numerical calculations showed that for the eigenvalues with n > 2 (not plotted) k R < 0 and these perturbation modes also remain stable. It was found also that the growth rate k R calculated for the n ¼ 1; 2 modes remain always negative for higher value of d and the axisymmetric flames corresponding to the dashed curve calculated with d ¼ 2:5 are all stable.
The results of the global stability analysis of the axisymmetric vortex flame indicate that the flame loses stability for sufficiently low values of Re and d near the extinction limit. One can expect that, because of k R > 0 and k I ¼ 0 for n ¼ 1; 2, this loss of stability produces a flame which is non-axisymmetric and time-independent, by analogy with the cellular instability of planar flames. The direct numerical calculations based on the three-dimensional Eqs. (3), (4) This fact makes possible to use the two-dimensional counterpart of Eqs. (3), (4) . The calculations were carried out for Le ¼ 0:5 and the Reynolds number close to Re max . In Fig. 10 we show the time history of the temperature maximum in the domain for distinct Re. One can see that for Re ¼ 79 the flame is stabilized after a transitory time while for the case with Re ¼ 80:2 the maximum temperature suffers oscillations with a constant amplitude. Finally, for Re ¼ 80:5, the extinction event takes place. Apparently there will exist difficulties to observe such oscillatory behavior in experiments due to the range of the Reynolds number is very narrow.
Conclusions
In this study, we have examined numerically the structure and stability of the flames formed behind the trailing edge of a cylindrical rod placed coaxially in a circular channel. The flame stabilization occurs due to the low flow velocity region behind the rod. In the analysis we suppressed hydrodynamic disturbances, but relying on a realistic flow field computed from the full NavierStokes equations. The existence of two kinds of flames has been demonstrated for the Lewis number lower than one. The first kind of flames comprises the well-known V-flame family for which the low flow-velocity region formed immediately behind the trailing edge plays a role of a flame holder and the flame extends downstream in the form of a cone or a cylinder. The second kind of flames has a completely different structure. The distinctive property of these flames, denominated in the paper as the vortex flames, is to be confined inside the recirculating region. Evidently, the vortex flames can exist only if the characteristic size of the recirculating region is sufficiently large. The other requisite condition is the Lewis number lower than one. It is interesting that two kinds of fames can coexist for some values of parameters. The loss stability of the axisymmetric flames of both kinds was studied by means of the global stability analysis and direct numerical simulations. It was found that the axisymmetric inverted flame can manifest an oscillatory behavior while the axisymmetric vortex flames can turn into a non-axisymmetric flames close to the extinction limits.
